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THE BEHAVIOR OF THE HEAT OPERATOR
ON WEIGHTED SOBOLEV SPACES

G. N. HILE AND C. P. MAWATA

ABSTRACT. Denoting by H the heat operator in R"*1, we investigate its prop-
erties as a bounded operator from one weighted Sobolev space to another. Our
main result gives conditions on the weights under which H is an injection, a
surjection, or an isomorphism. We also describe the range and kernel of H in
all the cases. Our results are analogous to those obtained by R. C. McOwen
for the Laplace operator in R™.

1. INTRODUCTION

Let H denote the heat operator in R**! = R” x R,n > 1,

H = 8t - Aw .
We investigate properties of H as a bounded operator
(1) H: P52,17p_>P£+27

where the Banach spaces P§2 1P and PP, and the spaces of polynomials H,,, are
defined as follows (all functions real or extended real valued):

Definition. Let p be a weight function p(z,t) := /1 + |z|? + |t|; we define
(i) P? is the space of functions u on R"*! with finite norm
ullpsp,s = HPéUHp )
(ii) P is the space of functions u on R™*! with finite weighted Sobolev norm
lullampe == D= o™ DEull, + (167 Dol
lor]<2

(iii) H,, is the space of all polynomial solutions of the heat equation in R"*1, of
degree at most m in the space variable x.

Our results can be summarized in the following theorem (where N denotes the
collection of nonnegative integers):

Theorem 1.1. Suppose 1 < p < oo and § € R, m € N, and consider the mapping

().
(a) If =(n+2)/p<é6 <n—(n+2)/p, then (}) is an isomorphism.
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(b) Ifm4+n—(n+2)/p<é<l+m+n—(n+2)/p, then (1) is one-to-one, and
the range of H is the closed subspace

{fEPerQ:/ f(x,t)h(gm—t)dxdt:O,VheHm} .
Rnt1

(¢) If-1=-m—(n+2)/p<é<—m—(n+2)/p, then (1) is onto, and the kernel

of H is Hp,.

(d) If 6 = —m — (n+2)/p, then the kernel of H is Hy—1, and the range of H is
not closed.

(e) If 6 =m+n—(n+2)/p, then (}) is one-to-one, and the range of H is not
closed.

It follows in particular that (f) describes a Fredholm mapping in cases (a), (b),
and (c), but not in (d) and (e); moreover, the Fredholm index of H is 0 in case (a),
—dim H,, in (b), and dim H,, in (c).

These results are analogous to those of McOwen [11] for the Laplace operator A
in R™. McOwen investigated A as an operator

*) A My s — Ly

5+2
- AfP P . : ,
where the spaces M, 5 and Ly, , have respective norms
S+l o 6+2
> WM Dullp, [,
|| <2

with weight function w(x) = /1 4+ |x|2. These spaces were first introduced by M.
Cantor [2], who gave some sufficient conditions for the mapping (*) to be an iso-
morphism. McOwen gave a much more complete analysis of (*), proving a theorem
directly analogous to our Theorem 1.1. We borrow liberally from McOwen’s tech-
niques in this paper.

Results like Theorem 1.1 were proved for elliptic operators, and elliptic systems
of operators, by Lockhart and McOwen [8], [9], [12]. Such operators are allowed
variable coefficients, but the coefficients of the highest order terms must approach
constants at infinity at a suitable rate. These authors were influenced by earlier
papers of Nirenberg and Walker [13], [14], [15], who studied the null spaces of elliptic
operators on Sobolev spaces W™ P(R™).

For related results for parabolic equations of second order, both linear and non-
linear, see [6], [10]. In these papers the authors showed that, under certain hy-
potheses, solutions of polynomial growth of a parabolic equation behave at infinity
like polynomial solutions of the heat equation. Similar statements were established
for linear and nonlinear elliptic equations of second order in [1] and [5].

2. PRELIMINARIES

We let © = (21,22, - ,2,) denote a point in R™, n > 1, we let ¢ denote a point
in R, and (z,t) = (21,72, -+ ,Tpn,t) a point in Rt = R" x R. We let p and o
denote functions on R**! prescribed by
(2.1) plx,t) =1+ [zP+t] , oz,t)=I]z]?+t] .

As is well known, [3, chapter 3], the quantity d((z,?), (y,s)) := o(x —y,t — s) is a
metric on R™*1; in particular, we have the triangle inequalities

(2.2) o(x,t) —o(y,s) <olx—y,t —s) <o(x,t)+o(y,s) .
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Note also that c < pand 1 < p<1+o0.

All functions in this paper are real or extended real valued, defined on all of
R = R™ x R. Let u(z,t) be such a function. Given a multi-index o in R" and
a nonnegative integer k, by D%u and D¥u we mean the Sobolev derivatives

DSu =98 95% - 9% u, Dfu=0F, ju=0"u/ot*.
For 1 < p < 00, ||ul|, denotes the usual L? norm of u over R" 1.

Definition. For nonnegative integers m and k, and for 6 € R, 1 < p < o0,

a) the space W,™-"P(R"+1) is the collection of functions u on R™*! for which the
space derivatives D%u, 0 < |a] < m, and time derivatives D{u7 0< 5 <k,
are in LY (R™*1);

b) the space P{*? is the collection of functions w in W;™"P(R"+1) with finite

weighted norm

k
(2.3) lllm b pips = Y o™ Dgully + Y 16" Dull, -

lal<m P
(When k = 0, the second summation is vacuous.)
Note that P? (as defined in the introduction) is P"%; also note that
b1 < 8y = PPN C PR

The spaces P;" ®P are analogous to the weighted Sobolev spaces M 2 s introduced
by M. Cantor [2] and utilized by Lockhart and McOwen [8], [9], [11], [12]. These
authors, in working with elliptic operators instead of the heat operator, used the
weight function (1 + |x|?)'/? instead of our p(z,t).

We require the following technical lemma; its proof detracts from our main
development and is delayed until the last section.

Lemma 2.1. For given integers m > 0, k > 0, and for 1 < p < o0, 6 € R, the
space C§°(R™1) is dense in PP,

We let (u,v) denote the usual inner product of functions u and v on R**+1;

(u,v) :z/ wvdz dt .
Rn+1

When 1 < p < oo the number ¢ will be determined by 1/p+1/¢g = 1. For u € P}
and v € P?;, Holder’s inequality confirms that

(2.4) [(u, )] < [[ullpsp,sllv]lgsp,—5 -

Indeed, it is easily argued that, when 1 < p < oo, the spaces P and P?; are duals
of one another.
We consider the operator H on R™*!, as defined by

ou " 9%y

oy — Agu= LS
Hu = YT < 9a?

1=

We interpret H in the distributional sense; that is, for functions u and f in
L (R™1) we say that Hu = f in R™™! provided that, for all functions ¢ in
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e’} n+1
(70 (ER )7

(2.5) / u(—¢r — Ag)dx dt = / fodxdt.
Rn+1 Rn+1
We define u* (and analogously f* and ¢*) on R"*! according to
u*(z,t) == u(z,—1);
then, making the change of parameter t — —s in (2.5), and replacing ¢ by ¢*, we
discover the equivalent formulation

(2.6) Hu = f in R"™' & (u*, Ho) = (f, "), V¢ € CF°(R™1).
We denote by K,, the fundamental solution for the heat equation in R™*!,

(4mt) /2= 1elP/4t if g >0,

27) Kn(e,t) = {0 it <0.

When there is no risk of ambiguity we shall write K,, as K. Note that
Ko (x,t) = [[ K (1) -
i=1

For appropriate functions f on R"*!, the convolution Kf is defined by

Kf(z,t) = K(x —y,t—8)f(y,s) dyds .

Rn+1

As is well known, if ¢ € C§°(R"T1), then K¢ € C°(R"H1) and H(K¢) = ¢.
We shall also make use of an integral operator S, given by

Sf(x,t) = /}Rn+1 olx —y,t—s) "fly,s)dyds.

The proof of the following lemma, quite computational in nature, is likewise post-
poned until the last section:

Lemma 2.2. Assume

2 2
(2.8) 1<p<oo, —i<6<n—n+ .
p p

If f € P{,, then Kf, Sf € P§ and
(2.9) ||’Cf||p;p,5 ) ||Sf||p;p75 < C(n,p75)||f||p;p75+2.

We require a special case of a theorem for more general parabolic operators, from
the authors’ earlier paper [6]:

Lemma 2.3. If1 <p < oo and § € R, then, for all u in VVli’Cl’p(R”“),
(2.10) wll2,1,p:0,6 < C(nyp, )|l pip,s + [Hullpip,6+2] -

Proof. The result is a special case of Lemma 1B from [6]. O

Theorem 2.4. Suppose inequalities (2.8) hold. If f € Py ,, then Kf € Pg’l’p,
with H(Kf) = f and

(2-11) ||]Cf||271,p;p,5 < O(napv 6)||f||p;p,5+2 .
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Proof. Let {¢1} be a sequence in C§°(R™*!) converging to f in Py, ,. Then each
K¢y is in C§°(R™H1), with

(2.12) H(Kdr) = 1 -

Lemma 2.2 gives

(2.13) 1K¢1llpip,6 < C(r,p,6)l|d1llpip.s+2 -
and then Lemma 2.3, applied to u = K¢y, leads to

(2.14) 1Kb1ll2,1,p:0.6 < C(1,0,0) 01l psp.6+2 -

Moreover, (2.14) holds for each difference ¢, — ¢y, and (2.13) for each difference
¢ — f. These observations lead to the conclusion that the sequence {K¢;} is
Cauchy in Pg’l’p, and thereby that £f € P5271’p with K¢; converging to Kf in the
norm of this space. Letting [ — oo in (2.14) and (2.12) yields (2.11) as well as
H(Kf) = [. O

Corollary 2.5. Suppose f € Pg , and u € P§, where 1 <p < oo and § € R. Ifu

is a distributional solution in R" ™1 of Hu = f, then u € Pg’l’p.

Proof. Let B be any open ball in R™*!. Since fys € PP for all ¢ > 0, Theorem
2.4 asserts that w := K(fyg) € W2 P(R"1) with Hw = fxg. Thus u — w, a

loc
distributional solution in B of the heat equation, is in C°°(B). Since B is arbitrary,

u € W2 P(R™1). By (2.10) of Lemma 2.3, u € PP, 0

3. THE ISOMORPHISM RANGE
We verify statement (a) of Theorem 1.1.

Lemma 3.1. Suppose 1 < p < oo and § € R.
a) If u € Pg’l’p and v € Pf’él';qw then

(3.1) (Hu,v*) = (u*, Hv) .

b) Ifu € PP and w € Py, and if —(n+2)/p < § < n— (n+2)/p, then
Kw e Pz’é~1;2 and

(3.2) (Hu, (Kw)*) = (u*,w) .

Proof. To prove (a), let {¢} be a sequence in C§°(R"*!) converging to v in the
space Pz’élfg. By (2.6), for each [ we have

(3.3) (Hu, ¢7) = (u”, Hen) .

Since Hu € Pg’+2 and ¢; — v* in P?,_,, while u* € P? and H¢; — Hv in P, we
may take limits in (3.3) to obtain (3.1).
To prove (b), we first observe that

2 2 2 2
(3.4) —&<6<n—n+ @—TH_ <—6—2<n—n+ .

p p q q
Thus we may apply Theorem 2.4 to w, with p replaced by ¢ and § by —6 — 2, and
conclude that Kw € Pzgl;qQ with H(Kw) = w. Substitution of Kw for v in (3.1)

then gives (3.2). O
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Theorem 3.2. Assume 1 <p < oo and —(n+2)/p < 6. Then

. p2Lp D
H P5 — P5+2

is one-to-one. If moreover 6 < n — (n + 2)/p, then H is onto, and hence an
isomorphism.

Proof. Suppose u € P5271’p with Hu =0 and —(n+2)/p < §. We may decrease 6, if
necessary, so that also § < n—(n+2)/p; then Lemma 3.1(b) shows that (v*, w) =0
for all w in P?;, and hence that v* = 0, v = 0. Thus H is one-to-one. Next if
feP 5+2, and (2.8) holds, Theorem 2.4 asserts that Kf € Pf’l’p and H(Kf) = f;
thus H is onto.

4. HEAT POLYNOMIALS

The basic theory of the so-called heat polynomials was developed by Widder [16],
[17]. In one space dimension the heat polynomials v, [ € N, are certain polynomial
solutions of the heat equation, as prescribed by

L1/2] 212k gk

(4.1) (2, 1) —zzk'l_%

(Here | z| denotes the greatest integer not exceeding z.) The heat polynomials in n
space dimensions are subscripted with multi-indices 8 = (1, 82, -, On), and can
be defined in terms of heat polynomials in one space dimension as the product

(4.2) vg(z,t) = Hvﬁi(xi,t)
i=1

We shall denote by N™ the space of all such multi-indices. For multi-indices # and
v we say that v < @ iff v; < ; for each i; we also write 2? = z720* ... 20 |
IBl=pP1+ B2+ -+ 08n, 8! =0116!-- 5, . Then, using (4.1) and some algebra,
we can write (4.2) alternatively as

(4.3) = ! Z

ov<p | 8 —=27)!

:Z;ﬁ 2v¢l

Each vg solves the n-dimensional heat equation, and, as easily checked, obeys the
modified homogeneity condition

(4.4) va( Az, A2t) = AMBlyg(z, 1)

valid for (z,t) in R"*! and any constant A > 0. From (4.3) we have vs(z,0) = 2.
This equation determines a one-to-one correspondence between heat polynomials
vg in R"*! and monomials 2° in R™.

As described in the introduction, for a given nonnegative integer m the space
H,, consists of all real polynomial solutions of the heat equation in R**! of degree
at most m in . (It is shown in [10] that if a polynomial solution is of degree at
most m in z, then it is of degree at most |m/2| in t.) Given P in H,,, P(z,0)

takes the form
0) = Z apx”
|B|<m
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for some real constants {az}. But then the polynomial

Q(z,t) = Z agvg(x,t)
|Bl<m
solves the heat equation and agrees with P on ¢t = 0; thus Q = P. This argument
demonstrates that the heat polynomials {vg : |G| < m} form a vector space basis
for H,,. Thus the dimension of H,, is the same as the number of multi-indices in
R"™ of magnitude no larger than m; that is,

|

(4.5) dimension H,,, = mEm (m+n)t
n m!n!
Lemma 4.1. Let 8 be any multi-index in R™; then for all (x,t) in R" 1,
(4.6) lvg (@, )] < C(B)o(x, 1),
(4.7) (z,t)| < BiC(B)o(x, )7L, i=1,2,---.n
Moreover, if 1 < p < oo and § € R, then
2

(4.8) vﬁeP§71’p<:)vgeP§’<:>6<—|ﬁ|—n: :

Proof. We obtain (4.6) and (4.7) from (4.3) and the inequalities |z;| < o(z,t),
[t| < o(x,t)2.

Since Hug = 0, Lemma 2.3 implies that vs € P2""7 iff vg € PP. First assume
6 < —|B] = (n+2)/p; we show that vg € P} by using (4.6) with the estimates

(sl = [ oot oo )P dodt
<C.H) [ ol t)Polw ) dede
]Rn+1

< Clp, ﬂ)/ 2/ (14 [2f? + ) E+BDP/2 gt g

= C(puﬂaé)/ (1 + |zt O+18DP/2 gy < oo .

(4.9)

Next we assume that vg € P! and show that the right inequality of (4.8) must
hold. By the notation x > 0 we mean that x; > 0 for 1 < ¢ < n. Since all
coefficients in (4.3) are nonnegative, when x > 0 and ¢ > 0 the summation (4.3) is
bounded below by the single term 2°, occurring when v = 0; thus the first equation

n (4.9) gives
sl > [ [ ototfr(ay s

If 6p > 0, then we obtain

memsz [JﬂVMﬁzm

thus we must have ép < 0. If t > 1, then p(x,t) < (|z|> + 2t)'/2, giving

mwmmfz[ /MWF+MWWWVMﬁ.
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In the inner integral we substitute z = v/ty, dx = t"/? dy, obtaining

(slns)? = [ torramensz [ (g2 20020 dyat
1 y>0
Now the inner integral is some positive constant; hence, for the double integral to
be finite, we require (6p + |Blp +n)/2 < —1, as in (4.8). O

In [16, chapter X, Theorem 2.1] it is proved that, for z € R, ¢ > 0, and any
6 >0,

o, 8)] < (1/V8)(t + 8)1+1/ 267110 (21 fe)1/2

Since the coefficients in (4.1) are positive, we have |v;(z,t)| < v(|z|, |t]); therefore
the above inequality holds also for ¢ < 0 provided we replace ¢ by [¢| on the right.
From the product representation (4.2) it follows that, for any multi-index 8 in N™
and any § > 0, and (z,t) € R*1,

1B1/2
2
(410 Juatan ] <8720 )l (2) 75
e
In [16, chapter X, Theorem 2.2] it is proved also that, for z € R and ¢ > 0,
1/2
2et
oy, —t)| < /3 <Te> i
Again from (4.2), it follows that for any multi-index 5 € N", and for z € R™ and
t>0,
(4.11) g (e, —t)] < el"*/% (2et) 17281 (8%) 712
5. EXPANSION OF THE HEAT KERNEL IN HEAT POLYNOMIALS

Widder developed the series representation

oo
Ki(x —y,s+1t)=
1=0

vi(z, t)wi(y, s)
112! ’

where w;(y, s) is given by
wy (yv S) = S_lKl (yv S)Ul (yv _S) .
This representation is valid for z,y,s,t € R and —s < t < s, and convergence of the

series is absolute. (See [16, chapter X, Theorem 3 and Theorem 4.1]). Interchanging
x and y, and replacing t by —s and s by ¢, we obtain the equivalent formulation

vz, —t)v(y, —s)
(5.1) Ki(z—y,t—s) :Kl(x,t)z 11904 ’
1=0 ’

valid for —t < s < t. Note that if t < 0 and |s| < [¢], then t — s < 0 and both sides
of (5.1) are 0; therefore, (5.1) is in fact valid for all s and ¢ in R such that |s| < [¢].
For the n-dimensional heat kernel, (5.1) gives

n

K,(x —y,t—s)= HKl(J?k — Y, t — 8)
k=1

_ H Kl(;vk,t) Z Uty (ajka _t)vlk (ykv_s) .
k=1

120k tlx
1,=0 I
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Since convergence in (5.1) is absolute we may interchange the product with the
summation, employing also (4.2) and (4.3), to arrive at

_ vp (@, ~t)vs(y, —3)
52)  Kalo—pt=n) =Kot 52 LG el <l

We will require some bounds on the heat kernel. Given any real number r, the
function f(o) := (1 4+ )"e~?/* is bounded on [0, 00); hence there is a constant
C = C(r) such that f(o) < C(r). Taking o = |z|?/t yields, for ¢t > 0,

e PP < Oyt a7

—n/2

and multiplication by (47t) and some simplification results in

(5.3) K(x,t) < Ot 20 (x, t)2" .

(The case t < 0, where K = 0, is trivial.) Choosing r = n/2 gives

(5.4) K(z,t) < C(n)o(z,t)™" .

Lemma 5.1. Let ¢ = (z,t) be a continuous function on R with 0 < 1 < 1

and Y(z,t) = 0 when o(z,t) < 1/2, ¥(x,t) = 1 when o(zx,t) > 1. For each
nonnegative integer m and for x,y € R™ and s,t € R, define

(5.5)
m v (CE, —t)’U (y7 —S)
Kt )(I,t;yas) =Kz —y,t—s) —Y(z,t)K(z,t) Z - ﬁ|2|m§|m .
1B|<m '
Then there exists a constant C = C(m,n) such that
(5.6)
m—+n
2] i oly,s) 2 o),
(K™ (@, tsy,8)| < Colz —y.t —s)7" ]
2es]™ i o(y.s) < dole.t)
Proof. As our first case we suppose that o(y, s) > o(x,t)/4. Then
(57) O'(.’IJ —y,t— S) < O'(.’L‘,t) + U(yv S) < 5(7(:1/7 S) ’
(5.8) p(x,t) <1+o(x,t) <1+4o(y,s) < 5p(y.s) ,

and, by (5.4) and (5.8),
Kz —y,t—s)<Cn)o(z —y,t—s)"

5.9 O
o <C(n)o(z —y,t —s) "5m" [ZEZ, t” '
By (5.5),

(5.10)

7_t T
K™ (2, t;y,8)| < K(z —y,t — )+ (x,t) K (z,1) BIZ; |Uﬁ($ﬁyzl)ﬁ||ﬁl(ﬂy - '

If o(x,t) < 1/2, then ¢(z,t) = 0 and (5.6) follows from (5.10) and (5.9); thus we
need only consider o(z,t) > 1/2, in which case we have also

(5.11) plx,t) <14 o(x,t) < 3o(x,t) < 3p(x,t) .
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From (4.6) and (5.3) with r = (n/2) + ||, we have

s (e, ~0)l[vs(y, —s)| _ C(B,n) [a<y,s>r'
B12161)¢|1P1 = o(z,t)" |o(x,t) ’

Then, since ¢ <1 and 1 < 40o(y,s)/o(x,t), and since (5.7) gives also

(5.12) K(z,t)

1 < 50(?!7 S)O'(l’ - yat - S)_lv
we find for |8] < m that

|U (CL‘, —t)||’l} ( 7_5)| C(mvn) 0( 75) "
¥, K (z, 1) 22 ﬂ!2‘ﬁ'|tﬁ|‘ﬁg{ < [ Y }

C(m,n) oy, s)]""
~ oz —y,t—s)" [U(x,t)] '
Substitution of this inequality into (5.10), with the use of (5.9), (5.11), and o(y, s) <
p(y, s), now yields (5.6) for the case o(y, s) > o(z,t)/4.
Now we consider the second case of (5.6), when o(y, s) < o(z,t)/4. From (2.2)
it follows that

(5.13) %a(z, t)y<o(z—y,t—s)<

We will consider three subcases, namely,
(a) o(z,t) <1,
(b) ofx,t) > 1, [s| > ¢,
(c) o(x,t) > 1, |s| < gt -
In subcase (a), we have p(x,t) <1+ o(x,t) <2< 2p(y, s), and so

o(x,t) .

= | Ot

Py s)
5.14 1<9
(5.14) <200
Therefore, by (5.4), we have
(5.15) Kz —y,t—s) < C(n)o(z —y,t —s) "2m+! [P(y, S):|7n+l |
p(z,t)

As in the first case, (5.12) holds; then from (5.12)—(5.14) and o(y, s)/o(x,t) < 1/4,
1 < 1 it follows for || < m that

vs(z, ~0)llvs(y. ~5) _ _ C(B.n) (1)'5
512181 ¢]18] To(x—yt—s)" \4

P(z, t) K (2,1)

C(m,n) ply, )]
~o(x—y,t—8)" | p(x,t)
Combining this inequality, (5.15), and (5.10) yields (5.6) for subcase (a).
Next we consider subcase (b). By (5.3) with » = (m +n +1)/2,
Kz —y,t—s) < C(m,n)o(z —y,t —s) "t — s|™D 26(x —y,t —s)™™ 7.

In this inequality we use (5.13), along with p(z,t) < 14+0(z,t) < 20(x,t), o(y,s) <
p(y,s), and |t — s| < [t| + |s| < 5|s| < 5o (y, s)?, to obtain
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m—+1
(5.16) Kz —y,t—s) < Clm,n)o(z —y,t —s)™" [gg 2]

<ctmnte v 5]

Next, (4.6) and (5.3) with r = (m +n+ 1+ |0])/2 give, for |3] < m,

v (@, —t)][vp(y, —s)| mt1— Cmene
K(z, 1) BQWM@‘ < C(m, n)[t|" 118026 (5, 1) Loy, s)P.

We use [t| < 4]s| < 40 (y, 5)?, along with (5.13), and obtain

[vg (2, —1)[[v5(y, —)|
e PIEITIE

¢ Cmn) e s>]’““
B O’(IE—y,t—S)n p(df,t) .
We substitute this inequality and (5.16) into (5.10), again using ¥ < 1, to establish
(5.6) for subcase (b).
Finally we consider subcase (¢). Since |s| < |t|/4, we have (5.2); also, ¥(z,t) =1
since o(x,t) > 1. Therefore (5.5) reduces to

(m) . B vg ($, —t)Uﬁ (y7 _5)
(5.17) K" (z,t;y,s) = K(x,1) |B>Zw;+1 312161¢16] '

If t <0 then K(x,t) = 0 and hence K(™)(z,t;y,s) = 0; thus we need to verify
(5.6) only when ¢ > 0. We apply (4.11) to vg(z, —t) and (4.10) to vg(y, —s) with
arbitrary 6 > 0, and obtain from (5.17) the inequality
|s| + 6 1B1/2
— .

(5.18)
Now, under our assumptions o(y, s) < o(z,t)/4 and |s| < t/4, and we can always

1+ 6\"/?

K (gt s\ < K (. £)elel/8t ui/a8 (18146

K0 (@, ty,9)] < Kz, el/ e )

|B1>m+1
choose 6 so that we have simultaneously the four inequalities

2 2
B2 oy 2l sld oy
IS 16t 5
(5.19) o453
B2 <20 15|+ 6 < 3p(y, 5)2.

t —4
For example, if |y|? < |s| we may choose § = 2|s|. If |y|? > |s| and p(y,s)? < t/4
we may choose 6 = |y|? + 1. Finally, if |y|?> > |s| and p(y, s)> > t/4 we may choose
6 = t/4. Therefore, we will assume that ¢ has been chosen so that (5.19) holds,

and proceed to estimate (5.18).
By (2.7) and the first inequality of (5.19),

K(x,t)e‘m‘2/8te|y|2/45 < (471'15)_”/2616_‘””‘2/16’5 =C(n)K(x,4t) .
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Application of (5.3) with » = (m + n + 1)/2, along with (5.13) and p(z,t) <
14+ o(x,t) < 20(x,t), then yields

(m+1)/2
0l /8t Jyl? /45 G
5.20) K e e’ < Olm,n) o(x, 4¢)mtntt
(5. H(m+1)/2 t(m+1)/2
< C(m,n) < C(m,n) p(z,t)~"

oz, ymEntt = olw —y.t—s)"
The number of multi-indices 8 in N with |8| =1 is
(l +n— 1) .

n—1 )~

therefore, using also (5.19), we may estimate the summation in (5.18) by

5 ls| +8\17% i": Is|+6\"? (1+n—1

s t _l:m+1 t n—1
(Is|+6 (m“)/?i 5|+ 6\ (1+m+n
B t o t n—1

<3p(y,s)2>(m+l)/2 = (3)”2 <l+m+n>
o (ol (8 |
t — 4 n—1

The ratio test confirms that the last series converges to some constant, which of
course depends on m and n; therefore we obtain

|s| + 0 o7z m+1—(m+1)/2
(5.21) o < C(m,n)p(y,s)™ 't :
|B1>m+1

We substitute (5.20) and (5.21) into (5.18), using also the second inequality of
(5.19), and we have (5.6) for subcase (c). O

6. THE NON-ISOMORPHISM FREDHOLM RANGES

We now discuss the range of § described in (b) and (c) of Theorem 1.1,

2 2
(6.1) m+n—i<6<1+m+n—n+ ,
p p
2 2
(6.2) —1—m—i<6<—m—71jL ,
p p

where m € N. Note that, in terms of ¢, (6.1) is equivalent to

2 2
nt <—5—2<—m—n+ ,

(6.3) —1—m-— -

while (6.2) is the same as

2 2
(6.4) m—|—n—i<—6—2<1+m+n—n+ .
q q
First we look at the ranges (6.1) and (6.3). By Lemma 4.1 and (6.3), each heat
polynomial vg with |8] < m lies in the space Pf’él';qg; thus we have H,, C P>

C
—6-2
Pf_,. In particular, (f, h*) is defined if f € P{,, and h € H,,.
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We define operators G,,, m € N, according to

(6.5) G f(x,t) := - K™ (x,t;y,8)f(y, s) dyds .
Lemma 6.1. Assume f € P§ _, and (6.1) holds; then G, f € P and
(6.6) 1Gm fllpsp.s < Clmym, p, )| f llpsp.sva -
Moreover, if

(6.7) (f,h*) =0, Vh € Hy, ,

then G f € P2VP with H(Gm f) = f, and

(6.8) 1Gm fll21.:0.6 < Cm, 0,0, 0| fllpsp.st2 -

Proof. Let S be the operator of Lemma 2.2. From (5.6) we get the inequality
|G f (2, 1)] < C(m,n)[p(a, )™ 7"S(p™ | f]) (@, 1)
T pla, ) S (0 £ a, ).
By Lemma 2.2, if —(n+2)/p<é—m—n<n—(n+2)/p, then
||p_(m+n)8 (pm+n|f|) ”p;p,é = ”S (pm+n|f|) ||p;p,5—m—n
S C(m, n,p, 6)||pm+nf||p;p,6+2—m—n = C(ma n,p, 6)||f||P;P,5+2 )
and similarly, if —(n+2)/p<é—m—1<n—(n+2)/p, then
||P_(m+1)8 (Pm+1|f|) Ipsp,s < C(m,n, p, 6)|| fllpsps+2 -
Thus (6.6) is valid for é in the range (6.1), as determined by our two conditions on
8.

Now suppose that also (6.7) holds. From the representations (5.5) and (6.5) we
see that G,,,f = Kf, since vg € H,, when |§] < m. Also, (6.1) gives —(n+2)/p <
§—m—n < 1—(n+2)/p, so Theorem 2.4 says that G, f € P>"P with
H(Gm[f) = f. Now Lemma 2.3 gives

1Gm fll2.1.p:0.6 < C(10,0,6) [1Gm fllpip.s + [ f[lpp.642]

into which we substitute (6.6) to obtain (6.8). |
Theorem 6.2. If (6.1) holds, then the mapping H : Pg’l’p — Pg’+2 is one-to-one,
with range
Ry ps i= {f c P§’+2 {f,h*y =0,Yh € Hm} )

Proof. By Theorem 3.2, H is one-to-one. Lemma 6.1 shows that if f € R,, ; s, then
Gmf € P2VP with H(Gm f) = f; thus Ry, 6 C (range’™). On the other hand, if f
is in the range of H, say f = Hu for some u in P5271’p, then we use Lemma 3.1 to
observe that, for all h € H,, C PE’;;qQ,

Therefore (range H) C Ry p.s- O
Corollary 6.3. If (6.1) holds and u € PP, then u = G, (Hu).

Proof. We have Hu € Py, , and, by Theorem 6.2, (Hu, h*) = 0 for all h € H,,. By
Lemma 6.1, G, (Hu) € PSP with H (G (Hu)) = Hu. Since H : PP — PP, is
one-to-one, u = H(Gu). O
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Next we investigate the ranges (6.2) and (6.4), in which case Lemma 4.1 implies
that H,, C Py"?.

Theorem 6.4. If (6.2) holds, then the mapping H : Pg’l’p — P, is onto, with
kernel H,,.

Proof. For fixed f € P! 1o, let £ be the mapping defined on P? according to
L) = (f,(Gmv)") -
Since (6.4) holds, we may use (2.4) and Lemma (6.1) to obtain the bound
L) < 1 fllpip.s+2llGmvllap,~5-2 < [ fllpip.s+2C (M1, p, 8)[[0]l g5, ;
therefore, there exists a function w in P? such that, for all v € P9,
(u*,v) = L(v) = (f, (Gmv)") -

We take v = H¢, where ¢ € C§°(R™*1); then ¢ = G,,,(H¢) by Corollary 6.3, and
we have (u*,H¢) = (f,#*). Thus Hu = f by (2.6), and u € P;"” by Corollary
2.5; hence 'H is onto.

It is clear that the kernel of H contains H,,,. We suppose that u is in P52 1P with
Hu = 0, and show that u € H,,. By Lemma 3.1, if v € Pzgl;qQ then

(u, (Hv)*) = (u*, Hv) = (Hu,v*) = (0,v*) =0 .
Since (6.4) holds, Theorem 6.2 states that
{(Hv)* ve Pfgjg} = {f e Pl (f.h*)=0,Yhe H,}
={g€ePls:(g,h)=0,Yh € Hy, } = (Hp)",

where P{ and P?; are viewed as dual spaces of one another. We now have u € P}
and v L (H,)*. But (H:)* = H,,, since H,, is finite dimensional and hence
closed; thus u € H,,. O

Corollary 6.5. In cases (a), (b), (¢c) of Theorem 1, the mapping (1) is Fredholm,

with Fredholm index
0 _(m +n m-+n
bl n b) n b)

Proof. We have ind H = nul H—def H, where nul H = def H =01in (a), nul H =0
and def H = codim HL, = dim H,, in (b), nul H = dim H,,, and def H = 0 in (c).
(Recall formula (4.5).) O

respectively.

7. THE NON-FREDHOLM VALUES

We now establish parts (d) and (e) of Theorem 1.1.
Theorem 7.1. If § = —m — (n+2)/p for some m € N, then the mapping
(1) H PP = P,

has kernel Hy,—1, and the range of H is not closed.
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Proof. By Theorem 6.4, if 0 < € < 1, then the mapping between the larger spaces

. p2,Lp D
H: P5—6 - P5—6+2

has kernel H,,; hence the mapping (f) has kernel H,, N Pg’l’p. By Lemma 4.1,
vs € PP iff 6§ < —|B| — (n 4 2)/p; thus H,,_1 is the kernel of (1). (When m = 0
we define H_q := {0} = Hy N Pf’l’p; in this case, (}) is one-to-one.)

Let vg be any heat polynomial with |5| = m; then vg € H,, — Hp—1. Let
¥ = 1(x,t) be any function in C§°(R™1) such that 0 < 1 < 1, 1) = 1 whenever
o(z,t) <1, =0 whenever o(z,t) > 2, and for constants A > 0 further define
(7.1) ux(,t) :=vg(z, )b(x /N t/N?) .

Then uy € C§P(R"™Y), |uy| < |vg|, and uy = vg whenever o(z,t) < A\, uy =0
whenever o(z,t) > 2. In particular, uy € Péz’l’p. In order to show that the range

of 'H is not closed in P? o it is sufficient to demonstrate that

. ”Hu)\Hp'p 5+2
7.2 1 — 0= =
(7.2) el dist(uy, kerH)

(See [7, pg. 231, Theorem 5.2].) We will show that the numerator in (7.2) is
bounded for A > 1, while the denominator tends to infinity as A — oo.
We differentiate (7.1) and use Hvg = 0 to obtain

Hu(z,t) = =227 Vg (2, 1) - Vb (x /N, t/N2) + X 2vg(z, Y Hp (x /N E/N?) |

and then use (4.6) and (4.7) with the observations that |Vy|, |[Hy| < C(¢), Vi =
Hi = 0 except where A < o(z,t) < 2], to conclude that
(7.3)
-1 m—1 —2 m .
s (.8 < {C’(m,n, G Ao (z, ) + A 20(z, ™), if A < o(2,t) < 2,

, otherwise.
Now we investigate the integrals, for [ =0orl=1and A > 1,
J(1) = / p(x, ) CFDP N2 (. t)™ P d dt .
A<o(x,t)<2)
The change of variables, from (z,t) € R® x R to y € R"*!, described by
4 y= (@, t/\/ltl), dedt=2\/]t]dy < 2|y|dy,
o(z,t) = lyl, plz,t) = (L+y*)?,

yields

J(0) <22 / (1 [yl?) 222y =Py dy < C(m,n, p,6) -
A<|y|<2A
Combination of this estimate with (7.3) shows that the numerator of (7.2) is
bounded, independently of A when A > 1.
Since vg ¢ P? by Lemma 4.1, the norms |[ux||p;p,s approach infinity as A — ooc.
We show that the denominator of (7.2) tends to infinity by showing that, when A
is sufficiently large,

1
(7.5) lux — wllpip,s > §||u>\||p;p75 , forw € Hp1 .
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Note that when m = 0, then w = 0 and we are done; thus we may assume m > 1.
We may also restrict our attention to functions w such that

3
(7.6) ||w||p;p,5 < §||u>\||p;p,5 )

as otherwise (7.5) follows from the triangle inequality.
For w e Hp,—1,

(s = wlhins)” = [ plast)loaler )0/ t/3%) = wa. O dadt

Rn+1

We suppose 0 < ¢ < 1, and in the integral substitute x = y/¢, t = s/€2, with
dx dt = e "% dyds, and use the property (4.4) on vg to obtain

(HUA - w”p;p,é)p
= =2 / P/, 5/ us(y, )b () Ae, s/E2A2) — Mw(y /e, s/ )P dy ds.
]Rn+1

But ép + mp + n + 2 = 0 implies ép < 0; therefore,

2 Js\ %
plyfe, s/ = (1 toa —> > e ply,8) .

Setting
(7.7) wly, ) i= mwly/e, s/e?) |
we find that
(i =0l = [ )Pl (0 5)0 0/ Ne, 3/ 4%6) = el )Py s
and hence
(7.8) [ux = wllpip.6 = lure — wellpsp,6 -
Let V be the vector space of all real polynomials w in R**! of the form
(7.9) w(z,t) = Z oy 2T
le|<m—1,2v<ax

We have H,,_1 C V, since each polynomial in H,,_; is a linear combination of
heat polynomials of the form (4.3), with |3] < m — 1. In the proof of Lemma 4.1
it was shown that, for polynomials w of this form, ||wl|p.,s < oo provided that
6 < —(m—1)—(n+2)/p; thus V. C PF. On V we may also define a norm based
on the coefficients in (7.9),

||w||cocf ‘= sup |aa,’y| .
ay

Since any two norms on a finite dimensional space are equivalent, there is a constant
M > 0 such that, for all w € V,

1
(7.10) MHw”cocf < Hw”p;p,é < Ml|w||coef -

Now, if w is given by (7.9) and w, by (7.7), then
we(;p’t) = Z (em_la‘aaﬁ) $a_2’yth| ,

la|<m—1,2v<a
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and ||we||coet < €]|w||coet; therefore,
(7.11) ||we||p;p75 < M|wellcoet < Me||w]|coer < 6M2||w||p;p75 .

From (7.8), the triangle inequality, (7.11) and (7.6) it follows that

[Jux — wl pip,s = H“Aenp;pﬁ - ||we||p;p,5 > H“Aenp;pﬁ - 6]\42||w|

p;p;6
> [Jurllpip,s = llux = urellpsp,6 — %eMZHUAHP;p,é .

We choose € so that 3eM?/2 = 1/3; then
2
(7.12) [ur = wllpsp,s = gHUA“p;p,é — flux — urellpp,s -
Since 6p < 0, we have p°? < %P, and the estimate
(lur — wsellpips)? = / PPl — wse|? drdt < / 0P g |? da dt.
n+1
R Ae<o(z,t)<2\
We apply (4.6), and again make the change of variables (7.4), to obtain
2
(s = rdllns)” < Clmm) [ 1l C7Fm) dy = Clom, ) o 2.
€
Ae<|y[<2A

Therefore, since ||uz|p;p,s — 00, we may choose X sufficiently large that

1
lux — urellpip,s < EHUAHP;Pﬁ )
then (7.12) gives (7.5). |
Theorem 7.2. If § =m+n — (n+2)/p for some m € N, then the mapping
(1) H PP — P,
is one-to-one, and the range of H is not closed.

Proof. By Theorem 3.2, H is one-to-one. Since —§ —2 = —m — (n + 2)/q, the
pair (=6 — 2, q) satisfies the hypothesis of Theorem 7.1. We assume the range of
H in (1) is closed, and show that the mapping H : Pz’;jg — PY; is onto, thereby
contradicting Theorem 7.1.

If (1) is one-to-one with closed range, then H is bounded below; that is, there
exists € > 0 such that, for all w in P§2 AP

||Hw||p;p76+2 > el|lwl 2,1,pip,6 = GHw”p;pﬁ .

Let f € P?5. The linear mapping £ : range’H — R, defined by
L(v) = (f,(H"v)") ,

is bounded, as confirmed by

|L(v)| < ||f||q;p7—6||H_1U|

1
pip,d < Hf||q;p,—5z||v||p;p76+2 .

By the Hahn-Banach Theorem, there exists u € P? s_o such that, for all w in the
range of H, (u*,v) = L(v) = (f,(H~'v)*). Taking a particular v = H¢, where
¢ € Cg°(R™1), gives (u*, Ho) = (f,¢*). By (2.6) and Corollary 2.5, Hu = f and
u € Pfgfg; hence, H : Pf’él'jg — P, is onto. O
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8. PROOFS OF TECHNICAL LEMMAS
In this section we supply the proofs of Lemmas 2.1 and 2.2

Proof of Lemma 2.1. Let u be a function in Pg”’k’p, and suppose € > 0; we show
that there exists a function ¢ in C§°(R"*1) with ||u — ¢||2,1,pip,s < €. Let ¥ be a
real valued function in C§°(R"™*1) such that ¢ = 1 in the region where o(z,t) < 1,
1 = 0 wherever o(z,t) > 2, and 0 < 1 < 1 otherwise. Let R be a large constant,
say with R > 1, and set

wR(zv t) = 7/1(33/37 t/Rz) :

Then, g € C(R™1), 0 < ¢r < 1, g = 0 where o(z,t) < R, ¢yp = 1 where
o(z,t) > 2R, and for multi-indices o and nonnegative integers k,

DeYg(z,t) = RT1M Dy (x/R,t/R?), Dfypg(x,t) = R™*Dfiy(x/R,t/R?).
It follows that, for some positive constants C'(¢, &) and C(¢, k),
(81)  [DfvR(z ) < C(¥, )R, Dfgp(e,t)] < C(v, k)R
Let v be the function v := ygpu. Then v € Pgn’k’p, v = u whenever o(z,t) < R,
v = 0 where o(z,t) > 2R. We show that ||v — w|m k. pp,s < €/2 provided that R is
sufficiently large.

Let Qgr be the region where o(x,t) > R, and Qg op the region where R <
o(z,t) < 2R; then v — u = 0 except in Qg, and the triangle inequality gives

(8.2) Ip° DS (v = w)llp < 1o DGV g ar + 1071 DSl picry, -
From (8.1) and the fact that R < p < 3R in Qg 2 it follows that
« « « a o—
Hp&—H |D1U”P;QR,2R = ”pé—H |Z < )Dgqu B"/}R”P;szR

B<a

< O, a)llp™ 11y~ RV D ul g 2

BLa
< 0(1/),@) Z ||pé+|ngu”P;QR )
BLa
and then from (8.2) that
(8.3) o1 Dg (0 = w)l, < Cw,0) Y 1o TPIDSull iy -
BLa
With similar calculations we can show that
k
(8.4) 1p° T2 DF (v = w)ll, < C(v, k) Y [1p°T Diullpcry -
§=0

Since ||w||m,k,pip,s i finite, as R — oo we have for |G| < m and j < k that
Hpéﬂmeu”p;QR — 0, Hp5+2jD{u||p;QR —0;

therefore, (8.3) and (8.4) show that we can make ||v — ||,k p;p,s < €/2 by choosing
R large enough.

Now we use a standard argument involving mollifiers to show that there is a
function ¢ in C§°(R™ 1) with ||¢ — v||m.k.pip,s < €/2, thereby completing the proof
of the theorem. (See chapter 7 of [4], for example, for relevant theory on mollifiers.)
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Let ) be a nonnegative function in C§°(R"*1) vanishing outside the unit ball B;(0),
with [pdx = 1. For s > 0 set ny(z,t) := s " In(z/s,t/s), and let vy be the
convolution vy := ng *v. The support of v lies in some ball B,.(0) with » > 1, and it
follows that vy € C§°(R™*!) with the support of v in Ba,.(0) if s < r. For o] < m
we have DS (vs) = (D3v)s and ||[(Dgv)s — DSv||, — 0 as s — 0; and likewise for
j < k we have D!(v,) = (DJv)s and ||(DJv)s — Dlv|l, — 0. We can check that
p(z,t) < 3r in Ba,.(0), and hence

1p° 11D (vs = )l < (3r)*HI(Dgv)s = Dvll, — 0,
1972 D (vs = v)ll < (3r)°*[|(Dv)s — Dfvlly — 0 .
Setting ¢ = v, we conclude that [|¢ — v[lm,k,psp,s < €/2 if s is small enough. O

Before proving Lemma 2.2, we require another lemma:

Lemma 8.1. Given real numbers & and 1, and (z,t) € R**1 define

(8.5) J(x,t,n,&,n) ::/]R » oz —y,t— ) p(y,s)" dyds .
If

(8.6) n+24+E>0, n+24+7>0, n+2+6+7<0,
then

(8.7) J(@,t,n,€6m) < Cln, & m)p(a, )" H2F50 .

Proof. We divide R"*! into three regions
Ry = {(y,8) 1oz —y,t —5) < 5p(x, 1)}
Ry := {(y,s 2p(a:,t) <olr—y,t—s)< 2p(a:,t)} ,
Ry :={(y,s) : 2p(x,t) <oz —y,t —s)} ,
and write J(x,t,n,&,n) = J1 + J2 + J3, where

(8.8) Ji = / oz —y,t—s)ply,s)"dyds , i =1,2,3.
R;

It is sufficient to show that, for each 4, (8.7) holds with J replaced by J;. Note that
(8.6) implies that £ < 0 and 7 < 0.
In the region R; we have the conservative estimates

1
plx,t) <l4o(x,t) <l4o(x—y,t—s)+o(y,s) < §p(;1c,t) +2p(y, s) ,

and thereby p(x,t) < 4p(y,s). Since n < 0, we may substitute p(z,t) for p(y,s)
into (8.8), and then set z =y — x, r = s — ¢ to obtain

J1 < C(n)p(z,t)" / o(z,r) dzdr .
a(z,r)<p(z,t)
In the last integral we substitute w = (z,r/+/|r]), with o(z,r) = |w| and dzdr =
2/Ir| dw < 2|w| dw, using also n+ 2 + £ > 0, and arrive at

Ty < C)pla, t)" / 2]+ duw

|w|<p(z,t)
= C(n)p(x,t)"C(n, E)p(a, )" 2+ = C(n, &, m)p(a, t)"F2He40
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In the region Ry, besides 1p(z,t) < o(z — y,t — s) < 2p(z,t) we have also
U(yv S) < O'(SL‘ - y7t - S) + O'(':C7t) < 2[)(.17, t) + p(x,t) = 3p(f£,t> ;
therefore, from (8.8) it follows that

ROt [ plws)dyds.
o(y,5)<3p(,t)
As in J; we substitute w = (y, s/1/|s|), using also n + 2+ n > 0, and we obtain
T2 2 OO [ 20 )l du
|| <3p(z,1)

< C@platf | (1 + ]y dw
| <Bp(a,t)
< C(E)pla, 1) C(n,n) (1 + 3p(x, )"t < C(n, &, n)p(a, )" T2,

Finally, in R3 we have
1
olx—y,t—s) <o(x,t)+o(y,s) <plx,t)+ ply,s) < 50(:10 —y,t—3s)+p(y, s),
and hence o(x —y,t —s) < 2p(y, s). We replace p(y, s) with o(z —y,t — s) in (8.8),
substitute z =y — x, r = s — t, and find that
J3 < C(n) / o(z,r)sTdzdr .
o(z,m)>2p(z,t)

Then, as in J; we set w = (z,7/+4/|r|), recalling that n+2+&+n < 0, and compute

Bl [l = Cn gl O

lw|=p(x,t)

Proof of Lemma 2.2. First we prove inequality (2.9) for Sf. We may assume f > 0,
since |Sf| < S(|f]); then Sf > 0.

First consider the case 1 < p < oo. Define ¢ as usual by 1/p+1/¢ = 1, and let
7 be a real number to be specified later. Define functions Y (y) =y, S(s) = s. By
Hoélder’s inequality,
Stw.t)= [ ol =t =) s)olas) Tola =yt = ) ol )" dyds

<llo(z =Yt =8) """ fp ||y llo(z — Y.t = 8)7"9p7|
We choose 7 so that
(8.9) —n—-2<7¢< -2
then by Lemma 8.1, noting that
lo(z =Y.t = 8)79p7 ||y = J(w, t,n, —n,7q)"/7 ,

we obtain
(8.10) Sf(x,t) < C(n,p,7)|lo(x =Y, t = S) P fp 7| p(x, t) T2/

If p =00, ¢ =1, then (2.8) gives 0 < 6 < n, and we may choose 7 = —6 — 2 in
(8.9); then (8.10) yields

p(,1)°Sf(x,t) < C(n,p,6)[1p°** flloo
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and thereby (2.9) with p = co. When 1 < p < oo, we obtain instead that

(1S F 1) = / ol )P S f (1) dr

Rn+1

<C(n,p, T)/ pla, ) ([lo(z = Yot = 8) "2 fp=7||,)? plar, )72/ da dt

Rn+1

=C(n,p,7) / fy,s)Pp(y,s)"™PJ(y,s,n,—n,ép+71p+2p/q)dyds .

]Rn+1

We assume further that
(8.11) —n—90p—2p<Tp< —6p—2p;
then Lemma 8.1 yields
J(y, s,n,—n,8p+7p +2p/q) < C(n,p,7,8)p(y, s)PHPH2

and we obtain

(PP SF1,)7 < Cln,p, 7 6) / £y, 57 py, 5)*+2P dy ds .

Rn+1
This inequality gives (2.9), provided we can confirm that 7 = 7(n,p,6) can be
chosen so that (8.9) and (8.11) hold. But these inequalities reduce to the pair

2 2
_nt <T< ——, —6—2—2<7’<—6—27
q q p

which have a common solution 7 if and only if

2 2
A s-2amd —6-2-2 <2
P4

These last inequalities simplify to our assumption on 6 in (2.8).
Finally, in the case p = 1 we have

0S5 = [ ol ty'Sf@t)ydzdt= [ F0.5)7(0.5.m.n0) dyds

Rn+1

Now (2.8) becomes —n — 2 < § < —2, and Lemma 8.1 yields
J(y,5.m,=n,6) < C(n, 6)p(y, s)"*? ;

thus we obtain the required inequality

10°S 1|11 < C(n, 8) / Py, $)ply, )+ dy ds = C(n, 6)||o**2f11 .

Rn+1

completing the proof of (2.9) for Sf.
In order to verify (2.9) for Kf, we use (5.4) to observe that

LI < K1) < C)S(I 1) 5

thus the result for K follows from that for S. O
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